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Nonlinear Dynamics of Vertical-Cavity
Surface-Emitting Lasers
S. F. Yu
Abstract— The dependence of the transient response of a
vertical-cavity surface-emitting laser (VCSEL) on its aperture
size is investigated subject to direct current modulation and
external optical feedback. It is shown that lasers with small
aperture size suppress higher order bifurcations and chaos even
under large-signal modulation and external optical feedback.
Furthermore, the noise characteristics of VCSEL’s under the in-
fluence of external optical feedback are studied via the calculation
of relative intensity noise. It is found that the level of external
optical feedback for the onset of coherence collapse is high for
devices with small aperture size. On the other hand, the small-
signal response of lasers is also analyzed through the calculation
of third-order harmonic distortion. It is shown that harmonic
distortion is minimized in small devices. Therefore, VCSEL’s with
small aperture size have better immunity to irregular response
under direct current modulation and external optical feedback.
Index Terms— Bifurcation diagrams, chaos, direct modula-
tion, external optical feedback, semiconductor device modeling,
surface-emitting devices.
I. INTRODUCTION
VERTICAL-CAVITY surface-emitting lasers (VCSEL’s)are promising for applications in optical communication
and interconnects because of their useful characteristics such
as low threshold current, single-mode operation, circular out-
put beam, and wafer-scale integration. Recently, studies have
concentrated on the steady state and small-signal response of
VCSEL’s with different aperture sizes [1]–[3]. It is found that
the threshold current and light–current curves of a VCSEL are
determined by its cavity loss and thermal resistance, which
are size-dependent [1], [2]. Furthermore, small-signal analysis
shows that a VCSEL with a small aperture size exhibits wider
modulation bandwidth and less second harmonic distortion
due to its high relaxation oscillation frequencies [2], [3].
It is believed that higher order harmonic distortion can be
minimized in VCSEL’s with small aperture size.
Facet emitted lasers under large signal modulation may
exhibit various kinds of irregular response such as period
doubling, period quadrupling, and chaos [4]–[9]. However,
these nonlinear characteristics are suppressed in devices with
large spontaneous emission factor ( 10 ) [6], [9]. Hence, a
VCSEL with a small aperture size can have strong immunity
to higher order bifurcations and chaos even under large-signal
modulation due to its inherent large value of spontaneous
emission factor. This is because the coupling efficiency be-
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tween the spontaneous emission and cavity mode is enhanced
by the quantum electrodynamic effects inside the microcavity,
especially for devices with small aperture size [10]–[12]. To
the best of our knowledge, no evidence on the chaotic behavior
of VCSEL’s has been reported. Therefore, it is expected that
the large-signal response of VCSEL’s also depends on its
aperture size.
The noise characteristics of lasers subject to external optical
feedback are dependent on the energy stored inside the laser
cavity and the coupling of the laser mode to the external field.
It is believed that the transient to coherence collapse can be
suppressed in VCSEL’s with small aperture size due to the
high storage of photon density inside the laser cavity [13]–[15].
Therefore, it is interesting to study the noise characteristics
of VCSEL’s with different aperture sizes subject to external
optical feedback.
A number of theoretical models have been developed to
analyze the transient response of VCSEL’s under the influ-
ence of external optical feedback [16]–[18]. However, neither
the relative importance of size-dependent parameters nor the
influence of direct current modulation has been taken into
account in these calculations. Therefore, the aim of this paper
is to investigate the dependence of the transient response
of a VCSEL on its aperture size subject to direct current
modulation and external optical feedback. In Section II, a rate-
equation model is developed with size-dependent parameters
such as thermal resistance, cavity, and spontaneous emission
factor taken into the calculation. In Sections III and IV,
the modulation response of VCSEL’s subject to large-signal
modulation and external optical feedback is analyzed. In
Section V, the correlation between aperture size and the onset
of coherence collapse under the influence of external optical
feedback is studied. In Section VI, the dependence of third-
order harmonic distortion on the aperture size of VCSEL’s
is also evaluated. The results are briefly discussed and the
conclusions are given in Section VII.
II. LASER PARAMETERS AND MODEL
A. Laser Structure and Model
The schematic of an index guiding VCSEL used in the anal-
ysis is shown in Fig. 1. The device structure is similar to that
given in [2] except for the p-type distributed Bragg reflector,
which is surrounded by a cladding layer. The reflectivities of n-
and p-type Bragg reflectors are assumed to be equal to and
, respectively. The corresponding single-mode rate-equation
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Fig. 1. Schematic of an index-guided VCSEL used in the calculation.
model of VCSEL’s is given by [3]
(1)
(2)
(3)
(4)
(5)
where is the photon density, is the carrier concentration,
is the effective temperature, and is the phase.
is the threshold carrier concentration, is the linewidth
enhancement factor, and is the differential gain. The
injection current is the sum of the dc bias current and
sinusoidal modulation current, . and
are the amplitude and modulation frequencies, respectively, of
the sinusoidal modulation current.
In the photon rate equation, is the lateral confinement
factor, is the equivalent cavity loss, is the group velocity,
and is the bimolecular carrier recombination factor. The
dependence of spontaneous emission factor on the cavity
size can be evaluated by [12]
(6)
TABLE I
TEMPERATURE-INDEPENDENT PARAMETERS OF OPTICAL GAIN
where is the lasing wavelength, is the full-width
at half-maximum (FWHM) of the emission spectrum,
is Petermann’s astigmatism factor, is the longitudinal
confinement factor, is the effective refractive index of
the cavity, is the volume of the active layer,
is the active region thickness, and is the core radius. The
equivalent optical gain can be expressed as
(7)
where is the gain compression factor. The parameters
and are assumed to be temperature-dependent and can
be approximated by and
(see also Table I).
In the carrier rate equation, the carrier lifetime can be
expressed as
(8)
where is the carrier lifetime at 300 K, is the background
temperature, and is the characteristic temperature.
In the thermal rate equation, is the thermal conductivity
and is the thermal resistance. The thermal capacitance
of the device can be expressed as
(9)
where is the mass density and is the thermal conduc-
tivity. The output power of the device is given by
(10)
where is the Planck constant and is the frequency of the
lasing mode. The total input electrical power is defined as
(11)
where is the voltage across the active layer and is approx-
imated by
(12)
where is the Boltzmann constant and is the energy gap
between the first quantized energy level of conduction and the
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valence bands of the quantum well’s active layer. and
are the effective conduction and valence edge density of states,
respectively, and can be expressed as
(13)
where ( A˚) is the thickness of the quantum wells,
, and is the effective mass
of electrons/holes.
The parameters , and are the Langevin
noise sources of photon, carrier, temperature, and phase,
respectively. The corresponding Langevin noise sources are
given by
(14)
(15)
(16)
(17)
where and are the photon density and carrier
concentration, respectively, at the start of the time interval
, and , and are Gaussian distributed random
variables with zero mean and unity variance.
The optical feedback in the rate equations of photon density
and phase, and , are given by
(18)
(19)
where , is the oscillation
frequency at threshold, is the external round-trip delay
time, and is the round-trip time inside the laser cavity. The
feedback parameter is defined as
(20)
where is the external reflectivity and is the coupling
between the external mirror and the laser. The relaxation
oscillation frequency of VCSEL’s can be written as
(21)
where and and are the steady-state carrier
concentration and photon density, respectively.
B. Steady-State Characteristics of VCSEL’s
Fig. 2 shows the measured light–current curves and relax-
ation oscillation frequencies of VCSEL’s with different
aperture size . The corresponding calculated results are also
plotted on the diagrams. The experimental results match with
(a)
(b)
Fig. 2. Comparison of measured and calculated (a) light–current characteris-
tics and (b) relaxation oscillation frequency of VCSEL’s with core radii equal
to 2.5, 3.5, and 5 m.
the theoretical model using (1)–(3) with and as the
variable parameters. The values of and as well as
other laser parameters used in the calculation can be found in
Tables II and III. Fig. 2(a) compares the light–current curves
obtained from the theoretical model and the experimental
results [2]. It is noted that the model using (1)–(3) does not
fit well when compared with the model given in [3]. This
indicates that carrier transport and spatial hole burning have
a significant influence on the steady-state characteristics of
VCSEL’s. Nevertheless, the threshold current, the slope of
the curves, and the peak power calculated from the model
match with the measured data. Fig. 2(b) compares for
VCSEL’s calculated from the model with that obtained from
the experimental results. As we can see, calculated from the
model is close to the experimental results except for the device
with m. This may be attributed to the high photon
density that drives the optical gain toward the saturation level
of the quantum wells which reduces the differential gain and
.
III. SIMULATION RESULTS—MODULATION RESPONSE
In this section, the influence of on the modulation
response of VCSEL’s is analyzed by varying the modula-
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TABLE II
SIZE-DEPENDENT PARAMETERS
TABLE III
PARAMETERS OF DEVICES
tion index . Furthermore, the influence of size-
dependent parameters such as , and the self-heating
effect on the bifurcation diagrams is investigated. In the
following calculation, it is assumed that the steady-state output
power of the laser is maintained at 0.32 mW. The modulation
frequency is set to 4 GHz which is comparable to for
these devices. The modulation responses of lasers are recorded
after the modulation current was applied for 200 ns in order to
eliminate the influence of initial transients. Furthermore, the
Langevin noise sources are set to zero in order to observe
the fine structure of the bifurcation diagrams. In fact, the
bifurcation diagrams are only slightly thickened by the noise
sources and the entire profile of the bifurcation diagrams has
less deviation from the quiet solutions. It can be shown that
devices with large exhibit period doubling as well as period
quadrupling due to the size-dependent parameters of VCSEL’s.
A. Influence of Aperture Size on the Modulation
Response of VCSEL’s
The modulation response of VCSEL’s with different
aperture sizes may demonstrate dissimilar characteristics
even with the same output power and modulation conditions.
Fig. 3(a) shows the variation of normalized peak photon
density ( where is the
peak photon density and cm is a normalizing
parameter) versus for a device with m. It is
(a)
(b)
Fig. 3. Modulation response of VCSEL with W = 3:5 m and fm = 4
GHz. (a) Bifurcation diagram of normalized peak photon density versus
modulation index. (b) Transient response of normalized photon density at
m = 3.
observed that the device exhibits single-period oscillation for
the whole range of (i.e., ). The corresponding
transient behavior of normalized photon density
( ) at is shown in Fig. 3(b). Furthermore,
the bifurcation diagram of versus for a device with
m is shown in Fig. 4(a). It is observed that, for the
range of between 0.5 and 1.6, period doubling is excited
and the corresponding transient behavior of is shown in
Fig. 4(b). Two sets of pulse trains, one with a relatively low
and the other with relatively high peak photon density, are
observed. For , period quadrupling is excited
and the corresponding transient behavior of is shown
in Fig. 4(c). However, further increases in will bring back
period doubling and then single-period oscillation.
From the above, it is observed that the bifurcation behavior
of VCSEL’s is dependent on . In fact, the modulation
response of VCSEL’s also depends on the size-dependent
parameters such as , , , and the self-heating effect.
B. Influence of Photon Density on the
Modulation Response of VCSEL’s
It must be noted that the values of are equal to 2.4 10
and 1.2 10 cm for devices with and m,
respectively. Therefore, it is expected that the bifurcation
behavior of VCSEL’s is affected by . Fig. 5 plots the
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(a)
(b)
(c)
Fig. 4. Modulation response of VCSEL withW = 5 m and fm = 4 GHz.
(a) Bifurcation diagram of normalized peak photon density versus modulation
index. (b), (c) Transient responses of normalized photon density at m = 1
and 2, respectively.
bifurcation diagrams of versus for a device with
m and the value of varies from 1.2 10 to
2.4 10 cm . It is observed that period doubling is excited
due to the reduction of . The results given in Fig. 5 are
consistent with our previous analysis because a large device
(i.e., 5 m) with low enhances higher order bifurcations.
On the other hand, it is noted from (21) that is directly
proportional to such that the bifurcation behavior of the
devices is also dependent on . If is the same for VCSEL’s
with large and small aperture sizes, double or higher order
Fig. 5. Influence of photon density Ps on the bifurcation diagram of a
VCSEL with W = 3:5 m and fm = 4 GHz. Ps is varied between
1.21015 and 2.41015 cm 3.
bifurcations are more likely to be excited in large devices due
to small . However, small devices can maintain a stable
single oscillation period even under large signal modulation
due to its high .
C. Influence of Modulation Frequency on the
Modulation Response of VCSEL’s
It must be noted that the bifurcation and chaotic behavior of
facet-emitting lasers is enhanced for but suppressed
for [5]. Therefore, it is interesting to know whether
VCSEL’s also exhibit similar characteristics to that for facet-
emitting devices.
Fig. 6 repeats the calculation in Fig. 4 but with varied
between and . It is observed that a single-period
oscillation is maintained for less than 0.7 but period
doubling as well as period quadrupling are excited for
greater than . It is noted that period doubling starts at
for and shifts to for
. Hence, the modulation response of VCSEL’s
with a large value of is similar to that of facet-emitting
lasers [5]. However, for devices with small (i.e., 3.5 m)
and the same output power, has a negligible influence
on the bifurcation behavior of lasers and only a single-
period oscillation is observed. This is not consistent with the
above observation and implies that the bifurcation behavior of
VCSEL’s may also depend on other size-dependent parameters
such as .
D. Influence of Spontaneous Emission Factor on
the Modulation Response of VCSEL’s
It is noted that the value of is dependent on the value of
for a VCSEL. Therefore, it is interesting to know whether the
dependence of on has any influence on the modulation
response of VCSEL’s. Fig. 7 shows the bifurcation diagram
of versus for the device with m, and
the value of is changed deliberately from 5 10 to 10 .
It is observed that period doubling is excited for less than
5 10 . Further reduction of increases the range of for
period doubling. Fig. 7(b) shows the bifurcation diagram of
versus for the device for which equals 10 .
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Fig. 6. Influence of modulation frequency fm on the bifurcation diagram of
VCSEL’s with W = 5 m. fm is varied between 0:65fr to 1:63fr .
(a)
(b)
Fig. 7. Influence of the spontaneous emission factor  on the bifurcation
diagram of a VCSEL with W = 3:5 m and fm = 4 GHz. (a)  varies
from 10 4 to 10 5. (b)  is set to 10 8.
It is observed that single period oscillation, higher order
bifurcations, and chaos are excited with an increase of .
Hence, it is shown that the bifurcations and chaotic behavior of
VCSEL’s are also dependent on the value of . In addition, the
chaotic behavior of VCSEL’s under large-signal modulation
can be suppressed by using a large value of (i.e., 5 10 ).
E. Influence of Self-Heating Temperature on
the Modulation Response of VCSEL’s
It is expected that the self-heating effect may have an
influence on the modulation response of VCSEL’s because
Fig. 8. Influence of the self-heating effect on the bifurcation diagram of
VCSEL’s with W = 5 m and fm = 4 GHz.
of the dependence of the differential gain in on the self-
heating temperature. Fig. 8 shows the bifurcation diagrams
versus for devices with and without the self-heating
effect taken into consideration. The self-heating effect can be
ignored in the calculation by setting (3) to zero and the steady-
state effective temperature to 300 K for the whole range of .
In the calculation, a device with m is used and
is set to 1.2 10 cm (i.e., 0.32 mW). It is observed that
the entire bifurcation diagram shifts to the right-hand side if
the self-heating effect is neglected in the calculation. This is
because the differential gain as well as are overestimated
in the calculation.
As we can see, although the influence of the self-heating
effect is less important than the size-dependent parameters
and , the bifurcation diagram also changes significantly. In
this case, period doubling may not be observed for if
the self-heating effect is neglected in the calculation.
IV. SIMULATION RESULTS—MODULATION
AND OPTICAL FEEDBACK
In this section, the modulation response of VCSEL’s under
large-signal modulation and external optical feedback is stud-
ied. The influence of and on the chaotic behavior of
VCSEL’s is investigated. It is assumed that the steady-state
output power and of lasers are set to 0.32 mW and 4 GHz,
respectively. The Langevin noise sources are also considered
in the calculation. It can be shown that devices with small
suppress higher order bifurcations and chaos even under the
influence of external optical feedback.
Fig. 9(a) shows the bifurcation diagram of versus
. The values of and are set to 3.5 m and 10 ,
respectively, in the calculation. The corresponding transient
behavior of at is shown in Fig. 9(b). It is
observed that only a single period oscillation is excited for
the whole range of , but this bifurcation diagram is slightly
thickened due to the noise and external optical feedback.
Fig. 10 shows the bifurcation diagram of versus for a
device with and equal to 5 m and 10 , respectively.
It is observed that, as increases, the transient response of
the laser evolves from a single period oscillation ( )
to period-doubling bifurcation ( ) and then to
chaos ( ). The influence of on the bifurcation
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(a)
(b)
Fig. 9. Modulation response of VCSEL with W = 5 m, fm = 4 GHz,
and Rext = 10 3. (a) Bifurcation diagram of normalized peak photon density
versus modulation index. (b) Transient response of normalized photon density
at m = 4.
Fig. 10. Bifurcation diagram of normalized peak photon density versus
modulation index for a VCSEL with W = 5 m, fm = 4 GHz, and
Rext = 10
 3
.
diagram of versus is also analyzed. Fig. 11 shows
the bifurcation diagram versus for devices with
m and . It is found that the output
power goes to chaos at a smaller value of ( ). In
addition, the magnitude of is larger than that given in
Fig. 10.
Furthermore, it is noted that the influence of size-dependent
parameters such as , and on the bifurcation diagrams
with external optical feedback is similar to that given in
Section III except that the introduction of enhances
Fig. 11. Bifurcation diagram of normalized peak photon density versus
modulation index for a VCSEL with W = 5 m, fm = 4 GHz, and
Rext = 5  10
 2
.
chaotic characteristics. Therefore, the corresponding analysis
is not repeated in this section. Hence, it is shown that devices
with small suppress high order bifurcations and chaos even
with external optical feedback.
V. SIMULATION RESULTS—NOISE CHARACTERISTICS
In this section, the dependence of relative intensity noise
(RIN) on of VCSEL’s under external optical feedback
is studied. RIN is defined as
RIN (22)
where is the average photon density at steady
state and . Langevin noise sources are also
considered in the following calculation. It can be shown that
devices with small suppress the onset of coherence collapse
due to a high .
Fig. 12 shows the RIN of VCSEL’s versus for devices
with and m. The steady-state output power in
both cases is set to 0.32 mW. It is observed that, for a small
value of (i.e., 10 ), flat floors of RIN are observed for
both devices. This is due to the domination of Langevin noise
which is a nonchaotic behavior of lasers. On the other hand, a
jump in RIN is observed at and for devices
with equal to 5 and 3.5 m, respectively. Fig. 13(a) and
(b) shows the bifurcation diagram of versus and
the transient response of at , respectively,
for a device with m. It is observed that the sudden
jump of RIN is due to the onset of coherence collapse by the
external optical feedback. Furthermore, it can be shown that
the transient response of devices with small (i.e., 3.5 m)
is similar to that given in Fig. 13 but the magnitude of
is much smaller than that with large (i.e., 5 m), especially
inside the chaotic regime. Hence, a device with small has
better immunity to the onset of coherence collapse.
In order to study the influence of on the onset of
coherence collapse, the dependence of RIN on and is in-
vestigated. Fig. 14(a) shows the dependence of RIN on for
a device with m. is allowed to vary from 8 10
to 1.2 10 cm . It is observed that the increase in
increases the value of for the onset of coherence collapse
but reduces the value of RIN. Fig. 14(b) shows the dependence
YU: NONLINEAR DYNAMICS OF VERTICAL-CAVITY SURFACE-EMITTING LASERS 339
Fig. 12. RIN versus external reflectivity Rext for a VCSEL with W equal
to 3.5 and 5 m.
(a)
(b)
Fig. 13. The transient response of a VCSEL with W = 5 m under the
influence of external optical reflection. (a) Bifurcation diagram of normalized
peak photon density versus external reflectivity. (b) Transient response of
normalized photon density at Rext = 10 1.
of RIN versus on the variation of (between 10 and
10 ) for a device with m. It is noted that the large
value of enhances RIN but has a negligible influence on the
onset of coherence collapse. Therefore, the onset of coherence
collapse in VCSEL’s is mainly due to (which is a function
of ) but is independent of . Therefore, we can conclude
that VCSEL’s with small will have better immunity to the
onset of coherence collapse due to the high value of .
(a)
(b)
Fig. 14. RIN versus external reflectivity Rext for VCSEL with W equal to
5 m. (a) Photon density Ps varies from 81014 to 2.41015 cm 3. (b)
Spontaneous emission factor  varies from 10 3 to 10 5.
VI. SIMULATION RESULTS—THIRD HARMONIC DISTORTION
The chaotic behavior of VCSEL’s under large-signal mod-
ulation is studied extensively in the above sections. It is
found that devices with small have better immunity to
higher order bifurcations and chaos. On the other hand, it
is noted that VCSEL’s with small have better small-
signal characteristics such as wider AM bandwidth and lower
second harmonic distortion than those with a large value of
[3]. In addition, third-order harmonic distortion (THD) is
an important factor in determining the performance of analog
communication systems. In order to complete the picture
on the small-signal modulation response of VCSEL’s, the
dependence of THD on is studied in this section.
The THD of VCSEL’s is defined as
THD (23)
where and are the first and third harmonic
components of the output power signal. In the calculation, it
is assumed that the steady-state power of lasers is maintained
around 0.32 mW with varying between 2 and 5 GHz.
and can be calculated by Fourier transform of
the modulated output power signal. Fig. 15 shows the THD
versus for devices with and m. It is observed
that, for small-signal modulation (i.e., ), devices
with small have a lower THD than those for large for
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Fig. 15. THD versus modulation index m for devices with W equal to 3.5
and 5 m at different modulation frequencies.
all . In fact, using small-signal analysis [3], one can show
analytically that THD is inversely proportional to as well
as . Therefore, small devices have lower THD due to the
high value of and . However, for large (i.e., 0.05),
the value of THD depends on as well as .
VII. DISCUSSION AND CONCLUSIONS
The modulation response of VCSEL’s with m
is not shown in the above analysis. This is because is
overestimated by the rate-equation model due to the existence
of the gain saturation effect and the modulation response of
VCSEL’s may deviate from the real solution. If the gain
saturation effect is omitted in the calculation, it can be shown
that the device exhibits stable single-period oscillation even
under large-signal modulation and external optical feedback.
The influence of the gain saturation effect can be estimated ap-
proximately by increasing the magnitude of to an unrealistic
large value (e.g., 2 10 cm ) such that the calculated value
of can be closer to the experimental result. In this case,
higher order bifurcations and chaos are excited under large-
signal modulation. Nevertheless, the gain saturation effect can
be neglected in the calculation for devices with large due
to the relatively low value of . Therefore, the above analysis
is applicable to VCSEL’s with m.
In conclusion, the influence of on the modulation re-
sponse of VCSEL’s is investigated using a single-mode rate-
equation model. The following results are found.
• VCSEL’s with small (i.e., 3.5 m) exhibit strong
immunity to higher order bifurcations and chaos even un-
der large-signal modulation and external optical feedback.
This is because the nonlinear response is suppressed by
high as well as in VCSEL’s. In addition, a large
value of acts as a damping factor in the rate equations
to suppress any unstable performance of lasers [6]. There-
fore, devices with small maintain a linear response un-
der large-signal modulation and external optical feedback.
• The noise properties of VCSEL’s subject to external
optical feedback are studied via the calculation of RIN. It
is found that the level of for the onset of coherence
collapse increases with the reduction of but has a
negligible influence on the transition to chaos. This is
because a high value of in small devices suppresses
the onset of coherence collapse.
• The small-signal modulation response (i.e., ) of
VCSEL’s is also analyzed through the study of THD. It
is shown that VCSEL’s with a small have lower THD
than devices with large . This is because is inversely
proportional to THD and devices with small have a
higher than those with a large one.
Hence, VCSEL’s with small have strong immunity
to any instability which arises from small- or large-signal
modulation as well as external optical feedback.
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